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Abstract The system dynamics of turning processes can be described by a delay diﬀerential equation.
How to improve the stability and suppress the vibration of cutting is of an interesting topic. In this
paper, a multiple time-delay controller is developed based on discrete optimal control method for
the turning vibrations control. Numerical simulations are carried out to verify the eﬃciency of the
controller. Results indicate the designed controller can suppress the cutting vibration eﬃciently and
improve the stability of the cutting processes. The inﬂuence of designed time-delay and sampling
time on the control performance is also discussed. c© 2013 The Chinese Society of Theoretical and
Applied Mechanics. [doi:10.1063/2.1306303]
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Vibration is an inevitable part of machining pro-
cess which may aﬀect part quality, tool life and pro-
ductivity in a detrimental way. Extensive researches
have been focused on how to avoid the chatter and con-
trolling the vibration during cutting operation. Alti-
tas and Budak1 presented a frequency-domain method
based on transfer functions between the system dis-
placements and cutting forces to determine the stable
regions. Semi-discretization method is adopted by In-
sperger and Stepan,2 Long and Balachandran3 to pre-
dict stable cutting parameters region.
Generally, control strategies for cutting process can
be divided into two types: passive and active control.
For the former type, in order to avoid unstable region,
cutting parameters need to be adjusted based on lobe
diagram which may reduce productivity. Considerable
eﬀorts have been put into the later type. Rashid and
Nicolescu4 designed a palletized work-holding system
based on an adaptive ﬁltering algorithm. Magnetostric-
tive actuator5 is used to suppress the tool vibration,
which adds damping at the natural frequencies of con-
trol objects. Jiang and Long6 designed a two degree of
freedom (DOF) active workpiece holding stage to con-
trol cutting vibration, which is driven by a state feed-
back controller.
A time-delay controller is developed by Chen et al.7
to control the free vibration of a ﬂexible plate. We
extended this method to the vibration control of cut-
ting processes, which is described by a delay diﬀerential
equation. Diﬀerent from the convention approaches, the
proposed controller contains not only the current state
term, but also some former state terms.
Turing operation, as shown in Fig. 1, is investigated
in this paper. With the assumption of rigid workpiece,
the corresponding equation of motion is
mx¨+ cx˙+ kx =
cos(β)Ksb (hm + x(t− τ)− x(t)) , (1)
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Fig. 1. Turning operation.
wherem, c, and k are the modal mass, the modal damp-
ing, and the modal stiﬀness, respectively, β represents
the force angle between F and Fn, Ks is an empirical
coeﬃcient which depends on workpiece material, b is
chip width, hm is the mean chip thickness, which is de-
termined by the feed rate, and τ = 60/Rss is the time
delay and Rss is spindle speed in r/min. hm is a con-
stant and can be ignored on the eﬀect of the cutting
vibration.
A controller with multiple time delays is designed
through the discrete optimal control method. In the
practical engineering, an actuator is used as the exec-
utive element. The control system of Eq. (1) can be
written as
mx¨+ cx˙+ kx = cos(β)Ksb (x(t− τ)− x(t)) +
Kiou(t− τ ′), (2)
where u is the actuator input and τ ′ is the designed
delay and the time delay of the actuator. For a given
delay τ , one can select a suitable delay τ ′ to improve
the stability of system (2) by following Ref. 10. Kio is
the conversion coeﬃcient between actuator input and
output, where the assumption of linear conversion8,9 is
taken for simplicity.
In the state-space, x(t − τ) is considered as input
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disturbance, and Eq. (2) becomes
Z˙(t) = AZ(t) +B1x(t− τ) +B2u(t− τ ′), (3)
where Z(t) = {x(t) x˙(t)}T, and
A =
⎡
⎣ 0 1
−k + cos(β)Ksb
m
− c
m
⎤
⎦ ,
B1 =
{
0
cos(β)Ksb
}
, B2 =
{
0
Kio
}
.
The solution of Eq. (3) can be written as
Z(t) = eA(t−t0)Z(t0) +
∫ t
t0
eA(t−ξ)B1x(ξ − τ) dξ +∫ t
t0
eA(t−ξ)B2u(ξ − τ ′) dξ. (4)
Zero-order holder is used, i.e., x(t) = x(k) when kT 
t < (k + 1)T , and T is the data sampling time. Let
t0 = kT and t = (k+1)T , then Eq. (4) can be expressed
as
Z(k + 1) = eATZ(k) +∫ (k+1)T
kT
eA[(k+1)T−ξ]B1x(ξ − τ) dξ +∫ (k+1)T
kT
eA[(k+1)T−ξ]B2u(ξ − τ ′) dξ, (5)
and by substitution η = (k + 1)T − ξ, Eq. (5) becomes
Z(k + 1) = eATZ(k) +∫ T
0
eAηB1x [(k + 1)T − l1T + m¯1 − η] dη +∫ T
0
eAηB2u [(k + 1)T − l2T + m¯2 − η] dη, (6)
where time delay τ and τ ′ can be written as
τ = l1T − m¯1, τ ′ = l2T − m¯2, (7)
where T is the data sampling period, and li  1 is an
integer and 0  m¯i < T (i = 1, 2).
There are two situations with regard to m¯i, i.e.
m¯i = 0 and m¯i = 0. Using m¯i = 0, we get
Z(k + 1) = FZ(k) +G1x(k − l1) +G2u(k − l2),(8)
where F = eAT , Gi =
∫ T
0
eAηBi dη (i = 1, 2). For the
standardization of Eq. (8), we deﬁne a new state vector
as
Z¯(k) = {Z(k), x(k − l1), · · · , x(k − 1),
u(k − l2), · · · , u(k − 1)}T. (9)
Thus, standard discrete form of Eq. (8) without time
delay can be obtained as
Z¯(k + 1) = F¯ Z¯(k) + G¯u(k), (10)
where F¯ = [F0,F1,F2],
F0 =
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
F
0
...
0
[1 0]
0
...
0
⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
↑¯
l1 − 1
↓
↑¯
l2
↓
,
F1 =
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
G1 0 · · · 0
0 1 · · · 0
...
...
. . .
...
0 0 · · · 1
0 0 · · · 0
...
...
. . .
...
0 0 · · · 0
⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,
F2 =
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
G2 0 · · · 0
0 0 · · · 0
...
... · · · ...
0 0 · · · 0
0 1 · · · 0
...
...
. . .
...
0 0 · · · 1
0 0 · · · 0
...
...
. . .
...
0 0 · · · 0
⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
↑¯
l1
↓
,
G¯ =
⎡
⎢⎢⎢⎢⎢⎢⎣
0
0
...
0
1
⎤
⎥⎥⎥⎥⎥⎥⎦
↑¯
l1 + l2 − 1
↓
.
For the case m¯i = 0 in Eq. (6), the detail of discrete
form standardization can be found in Ref. 7. One needs
to notice that both of the time delay of the system and
the actuator are considered in this paper. It is diﬀerent
from Ref. 7 which only the time-delay of actuator is
considered.
Discrete optimal control method is applied in con-
troller design. The following continuous performance
index is used
J =
∫ ∞
0
[
ZT(t)Q1Z(t) + u(t)Q2u(t)
]
dt, (11)
whereQ1 is a 2×2 non-negative deﬁnite symmetric ma-
trix and Q2 is a 1×1 positive deﬁnite symmetric matrix.
Equation (11) needs to be discretized and changed to be
the function of the augmented state vector in Eq. (9).
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The discretized form of Eq. (11) is as follows
J =
∞∑
k=0
Jk,
Jk =
∫ (k+1)T
kT
[
ZT(t)Q1Z(t) + u(t)Q2u(t)
]
dt.
(12)
When kT  t < (k + 1)T , the solution of Eq. (2) is
given by
Z(t) = eA(t−kT )Z(k) +∫ t
kT
eA(t−ξ)B1x(k − l1) dξ +∫ t
kT
eA(t−ξ)B2u(k − l2) dξ. (13)
Substituting Eq. (13) into Eq. (12), one has
J =
∞∑
k=0
(ZT(k)Q¯1Z(k) + 2Z
T(k)Q01x(k − l1) +
2QT02u(k − l2)Z(k) + x(k − l1)Q11x(k − l1) +
x(k − l1)Q12u(k − l2) +
u(k − l2)Q21x(k − l1) +
u(k − l2)Q22u(k − l2) + u(k)Q2u(k)), (14)
where
Q¯1 =
∫ T
0
FT(t)Q1F (t) dt,
Q¯2 = Q2T, F (t) = e
At,
G′(t) =
∫ t
0
eAτ dτ,
Q0i =
[∫ T
0
FT(t)Q1G
′(t) dt
]
Bi,
Qij = B
T
i
[∫ T
0
G′T(t)Q1G′(t) dt
]
Bj ,
i, j = 1, 2.
(15)
The standard discrete form of performance index
can be rearranged as
J =
∞∑
k=0
[
Z¯T(k)Qˆ1Z¯(k) + u(k)Qˆ2u(k)
]
, (16)
where Qˆ1 and Qˆ2 are given by
Qˆ1 =
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
Q¯1 Q01 0 · · · 0 Q02 0 · · · 0
QT01 Q11 0 · · · 0 Q12 0 · · · 0
0 0 0 · · · 0 0 0 · · · 0
...
...
...
. . .
...
...
...
. . .
...
0 0 0 · · · 0 0 0 · · · 0
QT02 Q21 0 · · · 0 Q22 0 · · · 0
0 0 0 · · · 0 0 0 · · · 0
...
...
...
. . .
...
...
...
. . .
...
0 0 0 · · · 0 0 0 · · · 0
⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, (17)
Qˆ2 = Q2T.
Using Matlab command dlrq, the Riccati equation can
be solved and the controller u(k) at the moment kT is
given by
u (k) = −LZ¯ (k) = −L1Z(k)− L2x(k − l1)− · · · −
Ll1+1x(k − 1)− Ll1+2u(k − l2)− · · · −
Ll1+l2+1u(k − 1), (18)
where x(k − l1) presents x(kT − l1T ), T is the data
sampling period, as shown in Eq. (6).
Numerical simulations are carried out to demon-
strate the validation of the controller. The parame-
ters are chosen as follows: cutting parameters shown
in Table 1, spindle speed Rss = 1680 r/min, i.e., τ =
60/1 680 = 35.7 ms, sampling period T = 0.6 ms, time
delay τ ′ = 1.6 ms, by using Eq. (7), we can get l1 = 60
and l2 = 3; actuator coeﬃcient Kio = 10
5. In controller
design, the gain matrixes in Eq. (10) are chosen to be
Q1 = diag(100, 1), Q2 = diag(1).
Table 1. Cutting parameters.
m/kg c/(N·s·m−1) k/(N·m−1) β/rad Ks/(N·mm−2)
1 500 6× 106 π/3 2× 103
For a real system, time delay is inevitable in the pro-
cess of achieving required control force in actuator. One
needs to consider the delay eﬀect on the control. If the
time delay is ignored in controller design, real control
eﬃciency drops drastically, and the system may even
suﬀer from instability, as shown in Fig. 2. In Fig. 2, the
non-time-delay controller means time delay is not com-
pensated, and time-delay controller means time delay is
compensated, respectively, i.e. the proposed controller
in this paper.
Fig. 2. Control eﬃciency with and without compensating
time delay at 1 680 r/min.
Two cases are studied: (1) stable cutting b =
0.7 mm; (2) unstable cutting b = 0.99 mm. As shown
in Figs. 3(a) and 3(b), the proposed controller can sta-
bilize both stable and unstable cutting. Further more,
we can observe from Eq. (17) that the controller u(k)
at the moment kT contains not only the current state
term Z(k), but also disturbance terms x(k−i) and some
control terms before this moment.
To investigate the eﬀect of time delay of controller
on the stability of cutting processes, four cases with
diﬀerent time delay τ ′ are considered. Stability lobe
diagrams are shown in Figs. 4(a) and 4(b). Observing
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Fig. 3. Stable and unstable cutting control at 1 680 r/min.
Fig. 4. Stability diagram of turning operation.
Fig. 4, one can ﬁnd the critical cutting depth increase
obviously by proposed control method for all the given
time delay. That means the control system can be sta-
bilized with diﬀerent time delay.
To examine the relationship between the designed
time delay and the control eﬃciency, the critical depth
of cut are presented in Fig. 5(a) with the change of de-
signed time delay. From Fig. 5(a), we can see that con-
trol eﬃciency changes drastically with time delay when
τ ′ < 6.2 ms. As shown in Fig. 4(a), the lobe diagram
of τ ′ = 2.8 ms is twice as high as when τ ′ = 1.6 ms.
One can also see that highest control eﬃciency can be
Fig. 5. Control eﬀect varies with time delay and sampling
time.
obtained when τ ′ is close to zero. Because time delay
inevitably exists in the process of achieving required
control force in actuator, the “highest eﬃciency” could
be just ideal. Besides, measurement error is inevitable
in measuring delayed time of the actuator, it is not
reasonable to choose time delay between this ﬂuctu-
ant range. On the other hand, it is shown that con-
trol eﬃciency remains steady when τ ′ > 6.2 ms, as
presented in Fig. 4(b). This phenomenon shows that
proposed controller has robustness for large time de-
lay (say τ ′ > 6.2 ms). How the sampling time inﬂuence
control eﬃciency is also discussed. We can observe from
Fig. 5(b) that the control eﬃciency ﬂuctuation increases
with the increase of sampling time. Gain matrixes Q1
and Q2 may fail when T > 2 ms.
In this paper, a multiple time-delay controller is de-
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veloped based on discrete optimal control method for
the turning vibration control. Results indicate the de-
signed controller can suppress the cutting vibration ef-
ﬁciently and improve the stability of the cutting pro-
cesses.
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